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Abstract
Using the general argument in Borel resummation of perturbation theory that links
the divergent perturbation theory to the nonperturbative eect we argue that the
nonperturbative eect associated with the perturbation theory should have a branch
cut only along the positive real axis in the complex coupling plane. The component
in the weak coupling expansion of the nonperturbative amplitude, which usually in-
cludes the leading term in the weak coupling expansion, that gives rise to the branch
cut can be calculated in principle from the perturbation theory combined with some
exactly calculable properties of the nonperturbative eect. Realization of this mech-
anism is demonstrated in the double well potential and the two-dimensional O(N)
nonlinear sigma model. In these models the leading term in weak coupling of the
nonperturbative eect can be obtained with good accuracy from the rst terms
of the perturbation theory. Applying this mechanism to the infrared renormalon
induced nonperturbative eect in QCD, we suggest some of the QCD condensate
eects can be calculated in principle from the perturbation theory.
Key words: nonperturbative eects, condensates, renormalon, resummation
PACS: 12.38.Cy, 12.38.Aw, 11.15.Bt, 11.15.Tk
1 Introduction
The usual perturbation in weak coupling constant in eld theory is an asymp-
totic expansion. When the perturbation series is sign alternating it may be
resummed, for example, a la Borel resummation. However, when the series
is not sign alternating, it usually implies presence of a genuine nonperturba-
tive eect, and the Borel resummation of the perturbation series alone is in
principle not sucient for adequate description of the true amplitude.
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The nonperturbative eect and the perturbation expansion is not totally inde-
pendent; the former controls the large order behavior of the latter. Even with
this relation, however, explicit calculations show that the nonperturbative ef-
fect cannot be calculated from the perturbation series even when the latter is
known to all orders.
The purpose of this article is to argue, by taking a closer look at the gen-
eral but heuristic argument that relates the nonperturbative eect with the
perturbation theory, that some parts of the nonperturbative eect, which usu-
ally include the leading piece in weak coupling, can be calculated in principle
from the Borel resummation of perturbation theory along with the exactly
calculable properties of the nonperturbative eect.
2 Calculable component in nonperturbative effect
A general, but heuristic argument that relates the nonperturbative eect with
perturbation theory goes as follows. 1 . Let A() be an amplitude with pertur-






and assume that A() is real for  > 0. We shall further assume that an at
large orders is non-alternating in sign. In general, an diverges factorially due to
renormalons or instanton{anti-instanton pairs, and (1) is meaningless unless
some kind of resummation is performed on the divergent series. To do that




an (−1)n+1 n+1 (2)
which is obtained from (1) by flipping the sign of the coupling constant. Since














1 A good introduction can be found in [1,2]
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We would expect that A() could be obtained from the Borel resummed
BPT() by analytic continuation from the positive real axis to the negative
real axis in the complex -plane. The problem is, however, BPT() is expected
to have a branch cut along the negative axis, and consequently BPT(− i)
will have an imaginary part. Therefore, analytic continuation alone of BPT()
cannot reproduce A() which is by denition real for  > 0. The expected res-
olution of this problem is that the true amplitude A() has a nonperturbative
amplitude ANP() in addition to the BPT(−), so when they are added to-
gether the imaginary parts from each amplitudes cancel each other, rendering
the total amplitude to be real. That is,
A() = APT() + ANP() (5)
with
Im [APT( i)] + Im [ANP( i)] = 0 ; (6)
where APT()  BPT(−), which may be called the perturbative amplitude,
has a branch cut along the positive real axis in the -plane. Performing the















Note that, as we make analytic continuation of BPT() from the positive
real axis to the negative real axis in -plane counterclockwise (clockwise)
in the upper (lower) half plane, the integration contour also should rotate
counterclockwise (clockwise), hence the  sign in (7).








0 −  d
0
2 Throughout the article whenever a Borel transform is dened through a pertur-
bation series like (8) it is assumed that the value of the Borel transform at a point


















Im [ANP( + i)]
n+2
d (10)
which makes the relation between the nonperturbative eect and the pertur-
bation theory explicit. At large values of n the dominant contribution in (10)
comes from the small  region, and so for large order behavior only the weak
coupling limit of the nonperturbative eect is required.
Now with Eqs. (5) and (6) the amplitude A() for  > 0 can be written as
the sum of the real parts of the perturbative and the nonperturbative terms:
A() = Re [APT( i)] + Re [ANP( i)] (11)
Eq. (6) also shows that the imaginary part of the nonperturbative amplitude
ANP() can be calculated in principle from the Borel resummation of the
perturbation theory. The real part, however, is in general not calculable from
the perturbation theory.
The argument hitherto is well known, perhaps except for Eq. (7) which al-
lows us to relate the imaginary part from the analytic continuation in the
−plane to that arising from the Borel integral. Now, our observation, which
will play a crucial role throughout the article, is that Eq. (6) suggests ANP()
have a branch cut along the positive real axis in the complex coupling plane,
in order to cancel the imaginary part coming from the branch cut in the
Borel resummed perturbative amplitude. This rather straightforward obser-
vation, which seems to have not been noticed before, can have an important
consequence: it renders some part of the nonperturbative amplitude to be cal-
culable from the perturbation theory. In the weak coupling limit (! 0) the
approximate functional form of ANP() can be rather easily determined from
other nonperturbative techniques such as renormalization group argument or
instanton calculations, and the component, typically the leading one in weak
coupling expansion, that could give rise to a branch cut along the positive real
axis can be easily identied. We then further x this component to a more
specic form by demanding that it give a branch cut only along the positive
real axis; The nonperturbative eect should not have other branch cut, for
example, such as one along the negative real axis, since it would imply that
the perturbation series (1) is not Borel-summable even for  < 0. The con-
straint on the functional form from this step turns out to be sucient enough
for us to relate the real part of the above mentioned component to its imagi-
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nary part, consequently rendering the former to be calculable from the Borel
resummation of the perturbation theory through Eq. (6).
In the next two sections we consider a few denite examples and show how
this procedure can be realized in model calculations. In these examples we
shall focus on the nonperturbative eect associated with the singularity that
is closest to the origin on the positive real axis in the Borel plane.
3 The double well potential









has instanton solutions, and the nonperturbative eects due to the instantons
give rise to singularities on the positive real axis on the Borel plane, causing
same sign perturbation series.




[E+() + E−()− 1] (13)
where   2 and E−(); E+() are respectively the energies of the ground













is expected to have multi-instanton caused singularities at b = 2nS0, where
n = 1; 2; 3;   , and S0 = 1=6 is the one-instanton action.
The large order behavior of the perturbation (15) is controlled by the rst
singularity at b = 1=3. The nonperturbative eect that causes this singularity
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is due to the instanton{anti-instanton pairs, and can be calculated from the





















where γE is the Euler constant.
Notice that ENP() has a branch cut along the positive real axis in -plane,
in agreement with our argument in the previous section. The minus sign in
the logarithmic term, which causes the branch cut, arises from the required
sign flip in the coupling constant to pick up the nonperturbative eect from
the attractive potential of the instanton{anti-instanton pair [4].
The imaginary and the real parts of ENP() now read as










Re[ENP( i)] = 1

e−1/3α [− ln() + ln(2) + γE +O()] : (18)
Note that the real part has terms, for example, the constant terms within the
bracket in (18), that have nothing to do with the imaginary part. These terms
represent genuine nonperturbative eect, and cannot be calculated from Borel
resummation of perturbation theory.
Since in this example the nonperturbative eect can be calculated in weak
coupling expansion there is no real need to attempt to extract the nonpertur-
bative eect from the perturbation theory. However, for the sake of argument,
let us suppose that we knew only that the nonperturbative eect in weak
coupling expansion is given in the form:
ENP() / 1

e−1/3α [ln() + subleading terms] : (19)
In any event, inferring this form may not be so dicult since the pre-exponential
factor 1= can be obtained by counting the number of (quasi)zero modes,
in this case two, and the logarithmic term arises from the instanton{anti-
instanton potential at large distance.
We can now improve the form of the nonperturbative eect (19) by demanding
that it have a branch cut only along the positive real axis in −plane. Because
the branch cut can arise only from the logarithmic term we can immediately
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see that ENP() must assume the following form:
ENP() = − C

e−1/3α [ln(−) + subleading terms] (20)
with C an unknown real constant. Of course, a comparison with (18) shows
that the true value of the constant is C = 1. We now show the leading term, the
logarithmic term, in the real part (18) can be calculated from the perturbation
theory starting from the ansatz (20). The imaginary and the real parts from
this expression (20) are then:
Im[ENP( i)] =C

e−1/3α [1 + subleading terms] (21)
Re[ENP( i)] =− C

e−1/3α [ln() + subleading terms] (22)
To determine the leading term in the real part we now only need to x the
constant C. This constant becomes the residue, up to a calculable constant, of
the rst singularity in the Borel plane, and can be calculated in perturbation






α ~E(b) db (23)
to have an imaginary part that can cancel the imaginary term in (21) the
Borel transform ~E(b) must have a singularity at b = 1=3:
~E(b) = − 9C
(1− 3b)2 [1 +O(1− 3b)] : (24)
To determine the residue we now consider a function R(b) dened by
R(b) = ~E(b)(1− 3b)2 : (25)
The dierence between R(b) and ~E(b) is that the former has a much softer
singularity. Although it may appear R(b) is regular at b = 1=3 it is easy
to see that that is not the case. In fact, for the imaginary part from the
Borel integral (23) to cancel the imaginary part in (17), ~E(b) should have an
expansion around the singularity as





(1− 3b) +O[(1− 3b)2 ln(1− 3b)]
]
: (26)
R(b) is, therefore, logarithmically (multiplied by (1−3b)2) singular at b = 1=3,
but it is bounded.
7
Table 1
Sum of the rst N + 1 terms of the perturbation series for the normalized residue
(C1 = ~C1 = 1).
N 0 1 2 3 4 5
CN 0.349 0.175 0.339 0.487 0.631 0.759
~CN 0.349 0.109 0.502 0.650 0.862 0.994









The essential point for the perturbative calculation of the residue is that the







is convergent on the disk jbj  1=3 (note the boundary is included). Being
bounded, although singular, at b = 1=3, R(b) can be evaluated in series at
b = 1=3.
We can now do some numerical check to see how rapidly the series (28),when
evaluated at b = 1=3, converges to the known exact value. From the perturba-
tive coecients for E() given in [7] the coecients rn in (28) can be obtained.











Note that C1 = 1. The numbers show that from C1 to C5 the series approaches
the true value in a steady pattern.
Since the positions of the singularities for ~E(b) are known we can improve the
convergence using an ‘optimal’ conformal mapping
w = w(b) : (30)
An optimal mapping for our case is that R(b(w)) become as smooth as possible







An obvious strategy for an optimal mapping is to push all other singularities in
the Borel plane except for the rst one as far away from the origin. Consider,















and all other singularities to the unit circle. Because the singularities (other
than the rst one) in the w−plane are farther away from the origin than in the
b−plane when measured in terms of the relative distance between the origin
and the rst singularity, we expect the series in the w−plane to give better









show a denite improvement in convergence (note again ~C1 = 1).
The result of this exercise shows that the leading term in the nonperturbative
eect caused by the instanton{anti-instanton pairs on the ground state energy
can be calculated accurately (99% accuracy) with only the rst six terms of
the perturbation series for the ground state energy.
4 The two-dimensional O(N) nonlinear sigma model
This model is exactly solvable in 1=N expansion, and mimics many interesting
features of Quantum Chromodynamics (QCD). It has an asymptotic freedom,
dimensional transmutation, and most interestingly for us the infrared (IR)
and ultraviolet (UV) renormalons at the next leading order in 1=N expansion.
Moreover, it was through the studies of this model [8{12] that the link between
Operator Product Expansion (OPE) and IR renormalons suggested by Parisi
[13] has become more transparent. This model can also provide a nontrivial
test of our proposed mechanism.
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where (x) is an auxiliary eld, f is the coupling constant. At the leading
order in 1=N the  elds get dynamical mass
m2 = 2e−1/f(µ) ; (36)





Eq. (36) also denes the renormalization group (RG) running of the coupling




= −f 2 : (38)
We shall now test our proposed mechanism with the truncated two-point func-
tion of the  elds
Γ(p2) = p2 + (p2) ; (39)
which is known to to all orders in OPE at order 1=N via the exact calculation
of the self energy (p2) in [14]. Γ(p2) can be expanded in powers of m2=p2,












We keep here only the rst two terms because we are focused on the non-
perturbative eect associated with the rst IR renormalon. The rst term
contains the usual perturbation expansion, and the second term, which comes
from the vacuum condensate of (x), is the nonperturbative amplitude that
gives rise to the rst IR renormalon. The terms of higher powers in m2=p2 are
associated with the higher renormalon singularities, and shall be ignored.
At the leading order in 1=N , C0 = C1 = 1. At order 1=N they have a rich
structure and read [14]
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F (1)(b) = b2 − 1
G(1)(b) =−1
b








B0(b); B1(b), whose exact forms are not important for us, are analytic func-
tions.
Note the renormalon poles at b = n, where n is a nonzero integer, in G(0); H(1).
To avoid these poles the integration contour can be either on the upper or the
lower half plane; for consistency, however, an identical contour should be taken
for C0 and C1.
We shall identify the rst term in (40) as the perturbative amplitude ΓPT
and the second term as the nonperturbative amplitude ΓNP. Performing the





[ln f(p) i + real const: +O(f)] (44)
=−e−1/f(p) [ln(−f(p) i) + real const: +O(f)] ; (45)
where in the last step we have used (36). Thus to the leading order in weak
coupling
NΓNP(f) = −e−1/f ln(−f) ; (46)
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which has a branch cut along the positive real axis in the coupling plane, again
in agreement with our proposed mechanism. The origin of the imaginary part
in (44) lies with the ambiguity in obtaining the renormalized condensate, in
this case the condensate of the auxiliary eld (x), from the dimensionally
regularized condensate in 2 +  dimension [8{10]. When the perturbative and
the nonperturbative amplitudes are added together this imaginary part is
canceled by the imaginary part in ΓPT(f(p)  i) coming from the pole at
b = 1 in G(0)(b).
From (41) the perturbation expansion for ΓPT(f(p)) can be easily obtained







an =n! [(1 + (−1)n) (n+ 1)− 2] (for n  1) (48)
where  denotes the Riemann −function. The logarithmic term in (47) arises
from the anomalous dimension of the  elds.
It is instructive to see now that the logarithmic dependence in (44) can be
obtained without knowing the exact solution for the  self energy. To see this
let us make the renormalization scale dependence of Γ explicit, which was
hitherto implicitly suppressed. 3 Γ(p2; 2; f()) can be expanded in OPE as






+higher dimension terms] (49)
where Ci are the Wilson coecients, and the ignored terms involve opera-
tors of dimension four or higher. From the RG equations for the coecient
C1(
2=p2; f()) and the condensate h0jj0i the second term in (49) can be







0) + γα(f 0)]=(f 0)df 0
]
; (50)
where γσ(f) and γα(f) denote the anomalous dimensions for the  and 
3 This was allowable because the renormalization scale dependence in Γ(p2) can be
factored out.
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elds, respectively. Comparing this term with the second one in (40) we can
identify





0) + γα(f 0)]=(f 0)df 0
]
: (51)
Therefore the logarithmic term in (44) can arise from a logarithmic term at
order 1=N in the Wilson coecient C1(1; f(p)), and the anomalous dimensions
γfσ,αg, which are nonvanishing at order 1=N :
γfσ,αg(f) / 1
N
[f +O(f 2)] : (52)
What is noteworthy here is that the contributions from these sources when
added together conspire to absorb the imaginary parts in (44) into a cut-
function. If, for example, the logarithmic term had a dierent coecient than
that given in (44), then after the absorption of the imaginary parts into a
cut-function (ln(−f)) there would have remained a logarithmic piece (ln(f))
which has a cut along the negative real axis in the coupling plane. This would
have failed our argument that the nonperturbative amplitude have a cut only
along the positive real axis.
Now, once we know the form of the anomalous dimensions for the  and 
elds, and the logarithmic dependence in the Wilson coecient at order 1=N ,
the nonperturbative amplitude can be written with no help from the exact
solution for the  self energy as
NΓNP(f(p)) / e−1/f(p)[ln f(p) + subleading terms] : (53)
Then demanding ΓNP(f) have a branch cut along the positive real axis in the
coupling plane we can rene (53) to
NΓNP(f(p)) = Ce
−1/f(p)[ln(−f(p)) + subleading terms] ; (54)
with C an undetermined real constant, from which we can obtain a relation
valid in leading order in weak coupling:
Re[ΓNP(f)] =1

Im[ΓNP(f  i)] ln f(p)
=1

Im[ΓPT(f  i)] ln f(p) : (55)
Because the imaginary part of the perturbative amplitude can be calculated
13
from Borel resummation this relation renders the real part of the nonpertur-
bative amplitude to be calculable from the perturbation theory.
The leading term in ΓPT(f) depends only on the constant C. We can cal-
culate this constant from perturbation theory using the method used in the
previous section for similar purpose. First, we note that for the ΓPT(f) to
cancel the imaginary part coming from (54) at positive f(p) the Borel trans-




1− b [1 +O(1− b)] : (56)
This shows that the constant C becomes the residue of the renormalon singu-
larity and can be written as [5,6]
C = R(1) (57)
with
R(b)  (1− b)~ΓPT(b) : (58)
Because of the UV renormalon at b = −1 the residue C cannot be directly
evaluated by the perturbation expansion of R(b) around the origin. To map












which sends the rst IR renormalon to w = 1=3 and all other renormalons
to the unit circle. Because in w−plane the rst IR renormalon is the closest
singularity to the origin, C can now be evaluated by plugging w = 1=3 into






4 More precisely, it is the expansion of R(b) of the Borel transform for [ΓPT(f) −
ln f − const.] in (47) rather than that of the Borel transform for ΓPT(f). Either
of the Borel transforms can be used because both have an identical renormalon
singularity at b = 1.
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Table 2
Sum of the rst N + 1 terms of the perturbation series for the renormalon residue
(C1 = −1).
N 0 1 2 3 4 5
−CN 2.000 2.000 0.100 0.945 0.916 1.052










were calculated using the perturbative coecients (48). The numbers in Table
2 show that the residue can be determined with good accuracy from the rst
terms of the perturbation theory.
5 The QCD condensate effects
We now come to the potentially most interesting application of our proposed
mechanism. Because of the nonperturbative nature of the QCD vacuum, op-
erator condensates appear ubiquitously in low energy QCD phenomenology,
especially in the SVZ sum rule [15,16]. The eects of these condensates become
stronger at lower energies and become phenomenologically more important.
They are in general not calculable, and treated as free parameters to be tted
by experimental data. The condensates are usually introduced through OPE.
In Borel resummation of the QCD perturbation theory they appear as the
nonperturbative amplitudes which are required to cancel the imaginary parts
arising from the IR renormalon singularities. The purpose of this section is to
see the implication of our proposed mechanism on the nonperturbative eects
caused by these condensates.
In general the form of a nonperturbative eect due to the condensates can be
determined by OPE and the RG equations for the associated Wilson coe-
cients and the condensates. Once the form is determined then we can further
rene it by demanding the nonperturbative amplitude have a branch cut only
along the positive real axis in the coupling plane. This will then allow us to
write the real part of the amplitude in terms of the imaginary part that can
be calculated from Borel resummation.





− 1 ; (62)
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where (q2) (q2  −Q2) is the vacuum polarization function in the Euclidean
region (q2 < 0) of the current jµ(x) = u(x)γµd(x), with u; d denoting the up







higher dimension terms : (63)
As before we focus on the nonperturbative eect associated with the closest
singularity to the origin on the positive real axis in the Borel plane, in this case
the rst IR renormalon, and ignore terms of dimension six or higher since they
are associated with the higher IR renormalons. h0jO4j0i is the renormalization
scale invariant gluon condensate of the dimension-four operator









where Gaµν is the gluon eld strength tensor, s is the strong coupling constant.

























































where the coecients d(0)n ; w
(0)
n are real numbers.
We shall now identify the rst term in (63) as the perturbative amplitude
DPT(s(Q)) and the second term of gluon condensate as the nonperturbative
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amplitude DNP(s(Q)). DPT can be expressed as a Borel resummation of the
perturbation series (67)




db e−b/β0αs(Q) ~DPT(b) (69)











This series is expected to have a nite radius of convergence (=1) set by the
UV renormalon at b = −1. Beyond the radius of convergence ~D(b) is assumed
to be obtained by analytic continuation. DPT is now expected to have an
imaginary part with sign ambiguity due to the rst IR renormalon at b = 2
in the Borel integral. This imaginary part is to be canceled by the imaginary
part from DNP. Now DNP, the second term in (63), can be written as
DNP(s(Q)) / s(Q)−νe−2/β0αs(Q) ~C4(s(Q); i; w(0)i ) (71)














which is non-integer for most of the combinations of Nc; Nf . ~C4, which comes
from C4 and the weak coupling expansion of (72), is real and calculable in
perturbation, and can be expanded in power series: 5
~C4(s(Q); i; w
(0)
i ) = 1 + ~w
(0)
1 s(Q) + ~w
(0)
2 s(Q)
2 +    (74)
where ~w(0)n depends on i+1 and w
(0)
i , i  n, respectively in (65) and (68).
5 When the higher renormalons are taken into account the series expansion for ~C4 is
an asymptotic expansion, and should be Borel resummed. However, since we ignore
all higher renormalons ~C4 is assumed to be well dened by the series expansion.
The error on ~C4 by this assumption is O(e−1/β0α(Q)) which is due to the dimension
six condensates.
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As we have argued in section 2 the imaginary part in DNP should come from
a branch cut along the positive real axis in the coupling plane. Presence of
UV renormalons, which gives rise to a sign alternating large order behavior,
does not change this conclusion, since UV renormalons can be mapped away
using a conformal mapping from the Borel integration contour, thus causing no
essential problem for Borel resummation [13,17]. Since in the nonperturbative
amplitude (71) a branch cut can arise only from the factor s(Q)
−ν , with 
a non-integer number, we conjecture that the nonperturbative amplitude is
given in the form
DNP(s(Q)) = C [−s(Q)]−νe−2/β0αs(Q) ~C4(s(Q); i; w(0)i ) ; (75)
where C is an undetermined, dimensionless, real constant. In this specic case
the power of the coupling constant in the pre-exponential factor depends on 
only. But, in general the power depends not only on  but also on the one-loop
anomalous dimensions of the associated operators. In such a case, we propose
that the branch cut arise likewise from the pre-exponential power term in
the coupling, and the correct form for the nonperturbative amplitude can be
obtained by flipping the sign of the coupling constant in the pre-exponential
factor.
The argument leading to (75) shows that when  takes an integer value for
a particular combination of Nc and Nf , the nonperturbative amplitude DNP
cannot have an imaginary part. This implies disappearance of the rst IR
renormalon singularity in the Borel plane for an integer . A further comment
on this point will follow shortly.
Now with Eq. (75) we have the real and the imaginary parts
Re[DNP((Q) i)] =C cos()s(Q)−νe−2/β0αs(Q) ~C4 (76)
Im[DNP((Q) i)] =C sin()s(Q)−νe−2/β0αs(Q) ~C4 ; (77)
from which a relation between the real and the imaginary parts is obtained:
Re[DNP(s(Q) i)] =  cot()Im[DNP(s(Q) i)] (78)
This has an important consequence. It relates the usually incalculable real part
of the nonperturbative amplitude to its imaginary part which is calculable
from Borel resummation. Moreover, this relation is not for some part only
of the amplitude as in the previous two examples, but holds to all orders in
perturbative expansion of ~C4. This implies that as far as the gluon condensate
eect is concerned the nonperturbative eect can be calculated completely
from the Borel resummation of the perturbation theory.
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From Eq. (78) and the fact that the imaginary parts in DPT(s(Q) i) and
DNP(s(Q) i) cancel each other, we can write the Adler function in terms
of DPT only:
D(Q2) = Re[DPT(s(Q) i)] cot()Im[DPT(s(Q) i)] : (79)
Thus both the real and the imaginary parts of the Borel resummation are
required to rebuild the true amplitude from the perturbation theory. The
imaginary part comes from the region beyond the rst IR renormalon (b  2),
and for its calculation analytic continuation to the region beyond the radius
of convergence of the perturbative Borel transform (70) is required. A more
convenient method, though equivalent to the analytic continuation, is to use
a conformal mapping to map, for example, all the renormalon singularities, or
all the renormalon singularities except for the rst IR renormalon, to the unit
circle. A conformal mapping of the rst kind was used in rebuilding the imagi-
nary part of a metastable-vacuum energy in a quantum mechanical model [18],
and the second kind was recently used in Borel resummation of the real part
of the Adler function [19], which may also be used for the calculation of the
imaginary part. Here, instead, we shall try to evaluate the constant C which
may give a rough estimate of the nonperturbative amplitude DNP(s(Q)).
As in the previous examples, this constant becomes the residue, up to a calcu-
lable constant, of the Borel transform at the renormalon singularity at b = 2.
In fact, for the Borel resummation (69) to have an imaginary part that can
cancel the imaginary part (77) the Borel transform ~DPT(b) should have the




1+ν(1− b=2)−1−ν [1 +O(1− b=2)] +
Analytic part ; (80)
where ‘Analytic part’ denotes terms that are analytic at b = 2. In general
the analytic part cannot be calculated. Note that, as previously mentioned,
the renormalon singularity disappears when  takes an integer value. This is
obvious for a negative integer , which happens for example at Nc = 2; Nf = 8
with  = −10, or at Nc = 3; Nf = 15 with  = −176. The disappearance of
the renormalon singularity for the latter case was noticed before [20]. What
seems to have been unexpected is that the singularity also disappears for a
non-negative integer , for example, at Nc = 6; Nf = 12 with  = 1. In this
case the singularity disappears because of the vanishing residue. The residue
vanishes since the constant C should always be bounded, for the nonpertur-
bative amplitude (75) cannot be divergent.
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With Eq. (80), C can now be obtained by [5,6]
C = Γ(−)(2=0)1+νR(2) (81)
with
R(b) = (1− b=2)1+ν ~DPT(b) : (82)
As in the previous examples R(2) may be evaluated as a perturbation series.
However, it is unlikely to obtain a good estimate of the constant C by directly
following the procedures in the previous examples, since too few perturbative
coecients are known. Only the rst three terms of the perturbation series
for the Adler function are presently known. To improve the situation we will
exploit the renormalization scale independence of the Adler function. To do
this, we replace in the Eqs. (67){(69), and (74) the coupling (Q) with the
running coupling (Q), with  dened by the renormalization scale 2=2Q2.
Then the perturbative coecients in these equations should change accord-
ingly as d(0)n ! dn(), w(0)n ! wn(), and ~w(0)n ! ~wn(), with dn(=1)=d(0)n ,
wn( = 1) =w
(0)
n , and ~wn( = 1) = ~w
(0)












Now the renormalization scale invariance of the gluon condensate allows us to
rewrite (75) as
DNP(s(Q)) = C
4 [−s(Q)]−νe−2/β0αs(ξQ) ~C4(s(Q); i; wi()) ; (84)




1+ν(1− b=2)−1−ν [1 +O(1− b=2)] +
Analytic part ; (85)
Note that C in (84), (85) is the same one dened in (75), and is independent
of the scale  but dependent on the renormalization scheme.







R(b; ) = (1− b=2)1+ν ~DPT(b; ) : (87)
We now proceed to evaluate R(b=2; ) as a perturbation series. Because of the
UV renormalon at b=−1 the evaluation point b=2 is beyond the convergence
radius of the series for R(b; ) around the origin, hence we have to map away












which maps the rst IR renormalon to w=1=2 and all other renormalons to
the unit circle. Now in w−plane C can be expressed as a convergent power




















Although C is -independent, in general CN will have a -dependence because
of its nite order summation. This property is generic for any nite order
QCD perturbation series, and can be used to improve the convergence of the
series by demanding that at an optimal  the scale dependence of the series
be minimal [21]. Applying this idea to our problem we can hope that a better
estimate of the constant C can be achieved by taking CN(
2) at an optimal






= 0 : (91)
Using the calculated next-next-leading order Adler function [22,23], and the
estimated O(4s) coecient [19,24], in the MS scheme at Nf =3 quark flavors
(=1) 6
D(Q2) = a(Q) + 1:6398 a(Q)2 + 6:3710 a(Q)3 + d
(0)
3 a(Q)
4 +O(a5) ; (92)
6 dn(ξ) in terms of d
(0)
n can be found in [19].
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Fig. 1. Renormalon residue versus renormalization scale ξ2.
where a(Q)  s(Q)=, we give the last two calculable terms for CN in MS
scheme:
C2(1:7) = 5:37 ; C3(2:2) = 6:96 : (93)
In this calculation we took the estimated value d
(0)
3 = 25, which is from the
recent estimate using a technique called ‘bilocal expansion of Borel amplitude’
[19]. This value is also in consistency with the well-known estimate in [24]. Note
that the optimal  for CN is at 
2
0  1:7 for C2 and 20  2:2 for C3 (see Fig. 1).
Because C is evaluated with the perturbation series (90) at w=1=2 which is
on the boundary of the convergence disk, CN in (93) should be regarded only
as a rough estimate. The speed of convergence of the sequence CN is expected
to be sensitive on the size of the analytic part in (85), since the size of the
singular term of R(b; ) at b=2 is determined by this analytic part.
Using this estimate of C we can now evaluate the real part of the nonpertur-
















1 is dened in (68), and we have substituted C3(2:2) for C, MS
denotes the MS renormalization scale.
Now this nonperturbative amplitude can be translated to a gluon condensate















 0:005 GeV4 (95)
where we have used MS  370 MeV for Nf = 3 quark flavors [25]. Again it
should be stressed that this is a rough estimate and a large error may not be
excluded. One should not compare (95) directly with the phenomenologically
tted gluon condensate, for example, from the QCD sum rule. In QCD sum
rule, the dierence between the Borel resummed perturbative amplitude and
the sum of the rst terms in the perturbation series is approximated by power
corrections, and therefore the phenomenologically tted condensate includes
contributions not only from the nonperturbative amplitude but also from the
perturbative amplitude. One may try to extract the gluon condensate eect in
the resummed perturbative amplitude through (69), for example, by comput-
ing the minimal term of the perturbation series with the large order behavior
given by the renormalon singularity (80). We believe, however, this is not nec-
essary, and also not a good way to handle the renormalon eect. A better
approach to incorporate the renormalon eect, with only the rst few terms
of the perturbation series available, is to write using (82) the Borel transform




and do perturbation on R(b) instead of doing perturbation directly on ~DPT(b).
This way the Borel transform can be better described in the most important
region in the Borel integral, i.e., between the origin and the rst IR renormalon
singularity and the region just beyond the singularity [19].
Finally, some comments are in order. A full amplitude in QCD in general
has innitely many cut singularities in the complex coupling plane as shown
by ’t Hooft [26]. One may wonder how this can be compatible with our pro-
posed mechanism that is based on the proposition that the nonperturbative
amplitude as well as the Borel resummed amplitude of perturbation theory
have cuts only along the positive real axes. The resolution of this question lies
probably with the non-convergence of the OPE. Since the OPE is expected
to be an asymptotic expansion [27], each term in the OPE, to the Wilson
coecient of which the Borel resummation is applied, does not have to have
the same singularities of the true amplitude. Also, throughout this paper, the
nonperturbative eects due to the higher dimensional operator condensates
were consistently ignored. We expect, however, there should be no fundamen-
tal diculty in incorporating them along the lines described in this section. We
conjecture that the nonperturbative eect by the condensate of a dimension
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2n operator can be written as
DNP(s) = Cn[−s]−νn exp(−n=0s) ~C2n(s) ; (97)
where n is a constant calculable from the RG equations on the Wilson co-
ecient and the condensate, ~C2n is a modied Wilson coecient dened in
a similar fashion as the ~C4 in (74). Here ~C2n should be Borel resummed in a
manner described in this section. The unknown constant Cn can then be de-
termined by demanding that the imaginary part of order −νns exp(−n=0s)
be canceled by the imaginary parts coming from the amplitudes associated
with the operators of lower dimensions.
6 Summary
Based on the general argument on Borel resummation of a same sign pertur-
bation series we have argued that the nonperturbative eect associated with
the divergence of the perturbation series should have a branch cut along the
positive real axis in the coupling plane. Demanding that the nonperturbative
amplitude have such a branch cut constrains the form of some part of the non-
perturbative amplitude, the part from which the branch cut arises, suciently
that a relation can be established between the usually incalculable real part of
the nonperturbative amplitude and the imaginary part that is calculable from
the Borel resummation. This way part of the real part of the nonperturbative
amplitude, which usually includes the leading term in weak coupling expan-
sion, can be calculated from Borel resummation of the perturbation theory.
As a nontrivial test, this mechanism was applied to the ground state energy of
the double well potential and the two-point function in the two-dimensional
O(N) nonlinear sigma model at order 1=N . In agreement with our proposed
mechanism the nonperturbative amplitudes in these models have branch cuts
along the positive real axis in the coupling plane. With this mechanism the
leading terms of the nonperturbative amplitudes in these models could be
calculated with good accuracy from the rst terms of the corresponding per-
turbation series.
We then applied this mechanism to the QCD condensate eects, particularly
the gluon condensate eect, and argued that some of the condensate eects
can be calculated from perturbation theory, and gave an estimate of the non-
perturbative amplitude induced by the gluon condensate using the known
perturbative calculations of the Adler function. We have argued that this
mechanism is applicable to QCD, despite the fact that a true QCD amplitude
has an innite number of cut singularities in the coupling plane, since the OPE
to which the Borel resummation is applied is not a convergent expansion.
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